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Suppose a set of m-partite, m ≥ 3, pure orthogonal fully separable states is given. We consider the
task of distinguishing the states perfectly by local operations and classical communication (LOCC)
in different k-partitions, 1 < k < m. Based on this task, it is possible to classify such sets into
different classes. A complete classification for tripartite systems is given with explicit examples.
Few important cases are also studied when the number of parties, m ≥ 4 as these cases never appear
for a tripartite system. The study of distinguishing the states by LOCC in different k-partitions is
important as it helps to learn about how a resource state can be shared between the parties in order
to distinguish a given LOCC indistinguishable set. As an interesting application of the present study,
it is shown that starting from a set of product states, it is possible to constitute a protocol distributing
bound entanglement between two spatially separated parties by sending a separable qubit.
I. INTRODUCTION
Quantum state discrimination problem is a well-
known problem within the theory of quantum infor-
mation. In this problem a quantum system is prepared
in a state which is secretly chosen from a known set.
The objective is to determine the state of the system.
In brief, we say this as the problem of distinguishing
a given set. If the states within a set are orthogonal to
each other then by performing a measurement on the
entire system, it is possible to distinguish the set. On
the other hand, perfect discrimination of nonorthogo-
nal states is not possible [1]. Nevertheless, even if a
given set contains only orthogonal states, the problem
may arise if the subsystems of a composite system are
distributed among several spatially separated parties.
This is because in a spatially separated configuration
we consider that the parties are restricted to carry out
measurements only on their own subsystems and they
are allowed for any sequence of classical communica-
tion. This class of operations is known as local opera-
tions and classical communication (LOCC) [2].
In many research works [3–15], the authors consid-
ered the problem of distinguishing a given set when a
composite quantum system is distributed among sev-
eral spatially separated parities, that is, the parties are
allowed to perform LOCC only. In brief, we say this as
the problem of distinguishing a given set by LOCC. The
states we consider here are orthogonal to each other. So,
obviously, perfect discrimination of the states is stud-
ied. If a set is not perfectly distinguishable by LOCC
then the set is an LOCC/locally indistinguishable set
or simply a nonlocal set. If such a set forms a com-
plete basis for any Hilbert space then the basis is an
LOCC/locally indistinguishable basis or simply a non-
local basis. The nonlocal sets can be used for practi-
cal purposes, for example, quantum secret sharing [16],
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data hiding [17, 18] etc. Furthermore, to study the
nonlocal features of distributed quantum systems, the
settings of different state discrimination problems by
LOCC (in other words, local state discrimination prob-
lems) play a very crucial role.
If a complete basis contains only orthogonal entan-
gled states then the basis must be locally indistinguish-
able, for example, the Bell basis [6]. However, there
also exist complete bases which are nonlocal and con-
tain only orthogonal product states. Clearly, such bases
exhibit quantum nonlocality without entanglement as in-
troduced for the very first time in Ref. [19]. Opera-
tionally, these bases correspond to separable measure-
ments which cannot be accomplished by LOCC. Other
than complete orthogonal product bases, there also ex-
ist other types of sets of orthogonal product states
which are locally indistinguishable [20, 21]. Subse-
quently, many articles were written to understand the
properties and the forms of orthogonal product states
both for bipartite systems and also for multipartite sys-
tems [22–50]. Nonetheless, the properties of multipar-
tite product states across every bipartition have been
studied very recently [51, 52]. Particularly, in both
the articles, tripartite sets of orthogonal product states
which are locally indistinguishable across all biparti-
tions, have been constructed. Thus, for the complete-
ness it is important to study those sets of m-partite
(m ≥ 3) orthogonal product states which are locally dis-
tinguishable in some (or in all) k-partitions (1 < k < m).
In this context, it is important to mention that for a mul-
tipartite system if a particular partitioning of the parties
is defined then two or more parties can come together
in a single location. As a result of which those parties
which belong to a single location, can perform quantum
operations together under the setting of LOCC.
In order to distinguish a given nonlocal set, it is re-
quired to use entanglement as resource. There are sev-
eral articles where pure state entanglement assisted lo-
cal state discrimination problem was addressed [49, 53–
63]. In Ref. [54], the author presented interesting en-
tanglement assisted protocols to distinguish nonlocal
sets of product states. After that article, both bipar-
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2tite [60, 63] and multipartite [49, 62, 63] protocols were
constructed to distinguish product states. All these
protocols are efficient protocols as they consume less
entanglement with respect to the teleportation based
schemes. Note that to make a protocol entanglement
consumption wise efficient, it is important to share re-
source state(s) in a suitable way among the parties. In
particular, if a given set of multipartite product states
is locally indistinguishable in few of the k-partitions
then there might be constraint on how the entangled
resource state(s) should be shared among the parties
in order to distinguish the states perfectly consuming
less entanglement. Thus, to reduce the entanglement
consumption we have to learn how a resource state
should be shared among parties in a suitable way. Ob-
viously, this implies the importance of the study of lo-
cal (in)distinguishability of a given set of product states
across every k-partition.
Other than entanglement assisted state discrimina-
tion, there are many instances where shared entangle-
ment can be used as resource, for example, teleporta-
tion [64], superdence coding [65], cryptography [66],
etc. Therefore, it is prerequisite to distribute entangle-
ment among spatially separated parties in order to use
entanglement as resource. Interestingly, it is possible
to distribute entanglement between two spatially sepa-
rated parties by sending a separable qubit [67]. There-
after, various related articles (both theoretical and ex-
perimental) were written to understand such phenom-
ena in a better way [68–79]. To the best of our knowl-
edge, in all the scenarios where entanglement has been
distributed by sending a separable qubit, so far, the fi-
nally distributed entangled state is negative under par-
tial transpose in the desired bipartition. Therefore, it is
worth raising the question whether it is possible to dis-
tribute entangled state which is positive under partial
transpose by sending a separable qubit. Clearly, this im-
plies the distribution of bound entanglement by send-
ing a separable qubit. It is worth mentioning here that
though it is yet to be known how an arbitrary bound
entangled state can be used as resource but there are in-
stances where a few particular classes of bound entan-
gled states can be used as resource, for example, secure
key distillation [80–82], quantum metrology [83], quan-
tum steering [84], quantum nonlocality [85, 86], etc.
In this work we consider LOCC (in)distinguishability
of a set of multipartite orthogonal product state in dif-
ferent k-partitions. To understand the present results,
we give basic assumptions and the notations in Sec. II.
Next, in Sec. III, different distinguishability classes of
tripartite sets of product states are presented. This clas-
sification is based on the LOCC (in)distinguishability
of the sets in different bipartitions. Along with the
classification explicit examples are also given. After
that few multipartite (number of parties, m ≥ 4) cases
which do not appear for a tripartite system, are also
studied in Sec. IV. It is also explained how LOCC
(in)distinguishability of a set of product states in dif-
ferent k-partitions are connected with the sharing of re-
source state(s) among the parties in order to distinguish
a given set perfectly. As an interesting consequence
of the present study, it is shown in Sec. V that start-
ing from a particular type of tripartite set of orthogo-
nal product state, it is possible to constitute a protocol
distributing bound entanglement between two spatially
separated parties by sending a separable qubit. Such
a protocol is an indirect one to establish entanglement
[79]. Now, for an indirect protocol to establish entangle-
ment it is necessary to consider at least three particles
as introduced in Ref. [67] and discussed in a greater de-
tails in Ref. [79]. The present protocol also consists of
only three particles. After the description of the proto-
col finally, in Sec. VI, the conclusion is drawn.
II. ASSUMPTIONS AND NOTATIONS
We consider here that the states to be distinguished,
are pure multipartite (number of parties, m ≥ 3) fully
separable states, that is, such a state has the form
|α1〉 ⊗ |α2〉 ⊗ · · · ⊗ |αm〉 ≡ |α1〉 |α2〉 . . . |αm〉. These states
are pairwise orthogonal to each other and thus, the
perfect discrimination of these states is considered. If
the state |α1〉 |α2〉 . . . |αm〉 ∈ H = H1 ⊗H2 ⊗ · · · ⊗ Hm,
then |α1〉 ∈ H1, |α2〉 ∈ H2 etc. Throughout the
manuscript we use the abbreviation |α1 ± α2 ± . . .〉 ≡
1
N (|α1〉 ± |α2〉 ± . . . ), N is the normalization constant.
For simplicity, we ignore these normalization constants
in many scenarios where these constants do not play
any important role. Note that a given set may or may
not be a complete basis in the corresponding Hilbert
space and the states within a given set are equally prob-
able. Unless, it is described clearly, consider that all the
parties are spatially separated and thus, they are re-
stricted to perform measurements on their respective
subsystems only. If there are many parties in a single
location then those parties can perform measurements
together under the setting of LOCC. For a tripartite sys-
tem, there are only bipartitions, so, when a bipartition
is considered, two parties come together in a single lo-
cation. But when the number of parties, m ≥ 4 then
there are k-partitions (1 < k < m), that is, the number
of parties which can come together, may depend on the
partition. It is also important to mention that in case of
entanglement-assisted discrimination of a given nonlo-
cal set, we consider only pure entangled states as re-
source. These entangled states can be bipartite or mul-
tipartite depending on the situation. We now proceed
to analyze different examples of tripartite systems.
III. TRIPARTITE SYSTEMS
Consider three parties A(lice), B(ob), and C(harlie)
and corresponding Hilbert space is given by H =
HA ⊗HB ⊗HC = CdA ⊗CdB ⊗CdC , where dA, dB, and
3dC are the dimensions of the subsystems possessed by
Alice, Bob, and Charlie respectively. In this section
we use an abbreviation i|jk which stands for a bipar-
tition: i versus jk (j and k are in a single location). For
tripartite systems, there are three bipartitions - A|BC,
B|CA, and C|AB. Based on these bipartitions, the sets
of tripartite orthogonal product states can be classified
into the following categories (different distinguishabil-
ity classes): (i) locally indistinguishable across every
bipartition, that is, such a set is a genuinely nonlocal
set, (ii) locally indistinguishable across only two bipar-
titions, (iii) locally indistinguishable across only one bi-
partition, (iv) distinguishable across all of the biparti-
tions. Examples of tripartite genuinely nonlocal sets of
product states can be found in Ref. [51, 52]. In partic-
ular, in Ref. [52], a classification of genuinely nonlocal
product bases and their entanglement assisted discrimi-
nation protocols were presented. However, in this work
we focus on those sets which are locally distinguish-
able in at least one bipartition. If such a set is locally
indistinguishable in at least one bipartition then that
set is a bidistinguishable set. Moreover, a fully bidistin-
guishable set is distinguishable across every bipartition
but it is locally indistinguishable when all the parties
are spatially separated. Again, a fully distinguishable
(or simply distinguishable) set is locally distinguishable
when all the parties are spatially separated. A compu-
tational basis in any given Hilbert space is an example
of fully distinguishable sets of product states. We now
present an important proposition which was previously
discussed in Refs. [20, 21].
Proposition 1. Any set of orthogonal product states in C2⊗
Cd can be perfectly distinguished by LOCC and therefore,
such a set can be extended to a complete basis.
By the above proposition it is clear that all sets
of three-qubit orthogonal product states can be per-
fectly distinguished by LOCC across every bipartition.
Therefore, the three-qubit product basis constructed in
Ref. [19] is locally distinguishable across every biparti-
tion but such a set can show local indistinguishability
when all the parties are spatially separated. Thus, this
set is an example of a fully bidistinguishable set. Nev-
ertheless, in higher dimensions (when the dimension of
each subsystem, d ≥ 3) Proposition 1 does not work.
So, it is important to find fully bidistinguishable sets in
higher dimensions. We identify that a particular type
of tripartite sets in (Cd)⊗3, d ≥ 3, given in Ref. [49] are
fully bidistinguishable. The states of the sets are given
as the following:
|ψ1i〉 = |0〉|i〉|0 + i〉, |ψ⊥1i 〉 = |0〉|i〉|0− i〉,
|ψ2i〉 = |i〉|0 + i〉|0〉, |ψ⊥2i 〉 = |i〉|0− i〉|0〉,
|ψ3i〉 = |0 + i〉|0〉|i〉, |ψ⊥3i 〉 = |0− i〉|0〉|i〉,
(1)
where i = 1, 2, . . . , (d − 1). The proof of Local indis-
tinguishability of the above set when all the parties are
spatially separated can be found in Ref. [49]. Here we
prove that the above set is distinguishable across every
bipartition by constructing an explicit protocol.
Protocol 1. Consider any two parties together: AB,
BC, or CA (in the cyclic order). These two parties can
perform a measurement, described by the projectors:
Pi =|0i〉 〈0i|, P f = I −∑i Pi; i = 1, 2, . . . , (d− 1). Corre-
sponding to each outcome “i”, there are two orthogonal
pure states left, which can be perfectly distinguished
by LOCC [4]. For the outcome “ f ”, the other party
(who stands alone) performs a measurement in com-
putational basis and corresponding to each outcome,
there are two orthogonal pure states left which can be
perfectly distinguished by LOCC [4]. Here the protocol
completes and it is proved that the above sets are the
examples of fully bidistinguishable sets.
In Ref. [49], it was already shown that a two-qubit
maximally entangled state is sufficient to distinguish
the sets of Eq. (1). Interestingly, the resource state can
be shared between any two parties. This is because of
the following facts: (a) For a fixed d, the set and the
resource state together generate a new set in higher di-
mension. (b) The resource state can be shared between
any two parties but each time the newly generated set
captures the same structure when all three parties are
spatially separated. Thus, the local discrimination of
the newly generated set implies that the resource state
can be shared between any two parties. However, if a
given tripartite set is not fully bidistinguishable, then
which pair of parties shares the resource may play a
vital role. Subsequently, we show that though bipartite
entanglement can be sufficient to distinguish a given tri-
partite set but the resource must not be shared between
particular pair(s) of parties. For any fully bidistinguish-
able tripartite set the following remark can be made:
Remark 1. If a fully bidistinguishable set in CdA ⊗ CdB ⊗
CdC , dA ≥ dB ≥ dC, is given then a maximally entangled
bipartite state in Cd ⊗Cd, d = dB, shared between any two
parties is sufficient to distinguish the set.
We now present the examples of tripartite bidistin-
guishable sets. It is easy to construct a tripartite set
which is locally distinguishable in only one bipartition.
By Proposition 1, one can infer that to construct such
a set, at least two of the subsystems must have di-
mensions ≥ 3, while the dimension of the other sub-
system is 2. Now, consider a basis {|ψi〉AB |j〉C} in
C3 ⊗ C3 ⊗ C2, j = 0, 1, and |ψi〉AB are the bipartite lo-
cally indistinguishable product states in C3 ⊗ C3, con-
structed in Ref. [19], ∀i = 0, 1, . . . , 8. The tripartite set
{|ψi〉AB |j〉C} is locally distinguishable in only one bi-
partition, that is, AB|C bipartition. Interestingly, to dis-
tinguish this set, a sufficiently entangled bipartite state
is sufficient but that state must not be shared between
Alice and Charlie or between Bob and Charlie. Notice
that the local indistinguishability of this set is solely
because of the states |ψi〉AB, placed between Alice and
Bob. Therefore, the resource state must be shared be-
tween Alice and Bob. From the construction, it is clear
4that this technique is not applicable to produce a tripar-
tite set which is locally indistinguishable in a particular
bipartition. So, the structure of such a set must be non-
trivial. For such a set to exist, dimension of one of the
subsystems must be ≥ 3, while the dimensions of the
other two subsystems can be 2. We now construct a tri-
partite set of product states in C3 ⊗ C2 ⊗ C2 which is
locally indistinguishable in a particular bipartition. The
set is given as the following:
|ψ1〉 = |0− 1〉|0〉|0〉, |ψ2〉 = |0 + 1〉|0〉|0〉,
|ψ3〉 = |2− 0〉|1〉|0〉, |ψ4〉 = |2 + 0〉|1〉|0〉,
|ψ5〉 = |1〉|1〉|0− 1〉, |ψ6〉 = |1〉|1〉|0 + 1〉,
|ψ7〉 = |1− 2〉|0〉|1〉, |ψ8〉 = |1 + 2〉|0〉|1〉,
|ψ9〉 = |0〉|0− 1〉|1〉, |ψ10〉 = |0〉|0 + 1〉|1〉.
(2)
Notice that the dimension for which the above set is
constructed is the minimum one for such a set to ex-
ist. By Proposition 1, the above set is locally distin-
guishable in B|CA and in C|AB bipartitions. Here
we prove that the above set is locally indistinguish-
able in A|BC bipartition. For that purpose, we con-
sider the above set in C3 ⊗ C4 and relabel the 4-
dimensional vectors as |10〉 → |0〉, |11〉 → |1〉, |01〉 →
|2〉, |00〉 → |3〉. After relabeling one can easily
check that the states {|ψi〉}10i=3 turn into the states:{|2± 0〉 |0〉 , |1〉 |0± 1〉 , |1± 2〉 |2〉 , |0〉 |1± 2〉}. These
states are similar as the locally indistinguishable states
in C3 ⊗ C3, constructed by Bennett et al. in Ref. [19].
The locally indistinguishable states of Bennett et al. are
{|0〉 |0± 1〉, |0± 1〉 |2〉, |2〉 |1± 2〉, |1± 2〉 |0〉}. These
eight states form a subset, S of the original two-qutrit
basis and local indistinguishability of this subset was
also explained in the same article. Now, if a subset of
a set is locally indistinguishable then the original set
must be. In this way, the above set of Eq. (2) is indistin-
guishable in A|BC bipartition. Notice that a two-qubit
maximally entangled state is sufficient to distinguish
the above set but for obvious reason the resource state
must not be shared between Bob and Charlie. The re-
source state can be shared either between Alice and Bob
or between Alice and Charlie. The complete classifica-
tion of tripartite sets is also explained in Fig. 1. Note
that the diagram does not represent anything other than
the classification. Recall that for a tripartite system
there are only bipartitions. When the number of par-
ties, m ≥ 4, then there are k-partitions. In particular
when the number of parties, m ≥ 4, we can observe
certain features which may not appear in a tripartite
system. For this reason, in the following section we dis-
cuss few multipartite cases when the number of parties
strictly larger than 3.
IV. MULTIPARTITE SYSTEMS
For an m-partite system, we label the parties as
A1, A2, . . . , Am and corresponding Hilbert space is
given by H = H1 ⊗ H2 ⊗ · · · ⊗ Hm = Cd1 ⊗ Cd2 ⊗
A|BC
C|ABB|AC                  
1 2
3
5
4
6
FIG. 1. (Color online) Classification of tripartite sets of or-
thogonal product states: The outer most circle contains all tri-
partite sets of product states. Inside that circle there are three
other circles of medium size. Each of which contains sets that
are locally distinguishable in at least one bipartition (label of
the bipartition is mentioned on the circle). Intersection of any
two such circles difference intersection of all three such cir-
cles generates each of the regions labeled as 1, 2, 3. These
regions contain sets which are locally distinguishable in only
two bipartitions. However, intersection of all three circles (of
medium size) is labeled as 4. This region contains those sets
which are distinguishable across all the bipartitions. Inside
region 4, there is a small circle labeled as 5, this region repre-
sents all fully distinguishable tripartite sets. Next, if one takes
the difference between the outer most circle and the union of
three circles (of medium size) then there is region 6, which
contains only the genuinely nonlocal sets.
· · · ⊗ Cdm , where d1, d2, . . . , dm are the dimensions
of the subsystems possessed by A1, A2, . . . , Am re-
spectively. To realize a k-partition, we use the no-
tation Aa1 Aa2 . . . |Ab1 Ab2 . . . |Ac1 Ac2 . . . | . . . , ai, bi, ci are
the labels of m parties. So, “|” stands for a partition
and for a k-partition, there are (k − 1) “|”s. We now
start with the generalization in (Cd)⊗m of the sets of
Eq. (1) for any number of parties, m ≥ 4. We mention
here that this generalization of m-qubit case is origi-
nally given in Ref. [38], while the m-qudit case is given
in Ref. [49]. We first discuss that though in the tri-
partite case, these sets are fully bidistinguishable but
when the number of parties increases, such a set may
not be a fully bidistinguishable. Remember that be-
cause of the construction, if any two adjacent parties
come together in single location and perform measure-
ments together then the sets become distinguishable.
This can be easily shown following the same technique
as given in Protocol 1 for any number of parties and
for any dimension of the subsystems. Therefore, the
question arises what happens when the parties com-
ing together are not adjacent. If the number of par-
5ties, m = 4, then there are A1, A2, A3, A4. The adjacent
pairs parties are given by A1 A2, A2 A3, A3 A4, and A4 A1
(considering cyclic order) and the bipartitions are given
by A1|A2 A3 A4, A2|A3 A4 A1, A3|A4 A1 A2, A4|A1 A2 A3,
A1 A2|A3 A4, A4 A1|A2 A3, and A1 A3|A2 A4. Notice that
except the bipartition A1 A3|A2 A4, in case of all other bi-
partitions, the adjacent parties come together. We now
write the generalized set for m = 4 in a particular bi-
partition, that is, A1 A3|A2 A4 bipartition and it is given
as the following:
|0i〉 |00± 0i〉 , |00± 0i〉 |i0〉 ,
|i0〉 |00± i0〉 , |00± i0〉 |0i〉 . (3)
As defined before i = 1, 2, . . . , (d − 1) and the Hilbert
space is given by (Cd)⊗4. For a fixed i, we relabel the
states as: |0i〉 → |0〉, |00〉 → |1〉, and |i0〉 → |2〉. After
relabeling, the above set turns into the eight indistin-
guishable states of S by Bennett et al. S is already men-
tioned in the previous section. Thus, the above set is
indistinguishable only in A1 A3|A2 A4 bipartition. As a
consequence, if only A1 and A3 come together and the
other two parties stand alone then also the above set
shows local indistinguishability. In this way, the above
set is indistinguishable in certain tripartitions, for ex-
ample, A1 A3|A2|A4, A1|A2 A4|A3. In general, if one
consider m-partite generalization of the set of Eq. (1)
then that set must be indistinguishable in the bipar-
tition A1 A3 . . . Am−1|A2 A4 . . . Am, when m is an even
number. This follows from the fact that for a fixed
i, a suitable relabeling shows that the set turns into a
locally indistinguishable set, constructed in Ref. [33].
This particular bipartition also ensures that there are
k-partitions (2 < k < m) in which the set shows local
indistinguishability. From this discussion it is already
clear that only when the adjacent parties come together
then only it helps in case of distinguishability of the
generalized set of Eq. (1) by LOCC. We now consider
the same set for m = 5. This set is an interesting set.
It can be easily shown that this set is distinguishable
across every bipartition. Because in case of every bipar-
tition at least a pair of adjacent parties come together.
Thus, for m = 5, the generalized set of Eq. (1) forms
a fully bidistinguishable set but there are tripartitions
in which this set can show local indistinguishability,
for example, A1 A3|A2 A4|A5 tripartition as in case of
this tripartition no adjacent parties are coming together.
This leads us to the following observation:
Observation 1. A fully bidistinguishable set can show local
indistinguishability across a k-partition, where 2 < k < m.
To distinguish this generalized set, a bipartite en-
tangled state can be sufficient but that state must be
shared between any two adjacent parties. In general,
if a m-partite nonlocal set is given which is locally dis-
tinguishable across all bipartitions and also across all
multipartitions (for 2 < k < m) then there exists a bi-
partite resource state which can be shared between any
two parties and is also sufficient to distinguish the set
perfectly by LOCC. It will be interesting if it is possi-
ble to construct such sets for higher m (m ≥ 4). In the
discussion, so far, we have seen many examples of mul-
tipartite nonlocal sets for which a bipartite entangled
state can be sufficient to distinguish the sets perfectly.
On the other hand, there are multipartite nonlocal sets
to distinguish which perfectly by LOCC entangled re-
sources across every bipartition is necessary [42, 51, 52].
Therefore, the intermediate question is that whether it
is possible to construct an m-partite nonlocal set, m ≥ 4,
to distinguish which an m′-partite entangled resource is
necessary, where 2 < m′ < m. Obviously, this partic-
ular question is connected with those m-partite nonlo-
cal sets for which if any m′ parties come together then
the sets become distinguishable. In fact, Observation
1 indicates that there is a possibility to construct a m-
partite set, m ≥ 4, which is indistinguishable across
every k-partition, 2 < k < m, while the set may show
local distinguishability in certain bipartitions. Here, it
is important to mention that if a set is locally indistin-
guishable across every bipartition then the set must be
indistinguishable across every k-partition. We now con-
struct a set which forms a complete basis in (C3)⊗4. The
basis is given as the following:
|0〉 |0〉 |1〉 |0± 1〉 , |0〉 |0〉 |2〉 |0± 2〉 , |2〉 |1〉 |0〉 |0± 1〉 , |1〉 |1〉 |2〉 |0± 1〉 , |2〉 |1〉 |2〉 |0± 2〉 ,
|0〉 |1〉 |0± 1〉 |0〉 , |0〉 |2〉 |0± 2〉 |0〉 , |1〉 |0〉 |0± 1〉 |2〉 , |1〉 |2〉 |0± 1〉 |1〉 , |1〉 |2〉 |0± 2〉 |2〉 ,
|1〉 |0± 1〉 |0〉 |0〉 , |2〉 |0± 2〉 |0〉 |0〉 , |0〉 |0± 1〉 |2〉 |1〉 , |2〉 |0± 1〉 |1〉 |1〉 , |2〉 |0± 2〉 |2〉 |1〉 ,
|0± 1〉 |0〉 |0〉 |1〉 , |0± 2〉 |0〉 |0〉 |2〉 , |0± 1〉 |2〉 |1〉 |0〉 , |0± 1〉 |1〉 |1〉 |2〉 , |0± 2〉 |2〉 |1〉 |2〉 ,
|0〉 |0〉 |0〉 |0〉 , |0〉 |0〉 |1〉 |2〉 , |0〉 |1〉 |0〉 |1〉 , |0〉 |1〉 |0〉 |2〉 , |0〉 |1〉 |1〉 |1〉 , |0〉 |1〉 |2〉 |0〉 ,
|0〉 |1〉 |2〉 |2〉 , |0〉 |2〉 |0〉 |1〉 , |0〉 |2〉 |0〉 |2〉 , |0〉 |2〉 |1〉 |1〉 , |0〉 |2〉 |2〉 |1〉 , |0〉 |2〉 |2〉 |2〉 ,
|1〉 |0〉 |1〉 |0〉 , |1〉 |0〉 |1〉 |1〉 , |1〉 |0〉 |2〉 |0〉 , |1〉 |0〉 |2〉 |1〉 , |1〉 |0〉 |2〉 |2〉 , |1〉 |1〉 |0〉 |1〉 ,
|1〉 |1〉 |0〉 |2〉 , |1〉 |1〉 |1〉 |0〉 , |1〉 |1〉 |1〉 |1〉 , |1〉 |1〉 |2〉 |2〉 , |1〉 |2〉 |0〉 |0〉 , |1〉 |2〉 |1〉 |2〉 ,
|1〉 |2〉 |2〉 |0〉 , |1〉 |2〉 |2〉 |1〉 , |2〉 |0〉 |0〉 |1〉 , |2〉 |0〉 |1〉 |0〉 , |2〉 |0〉 |1〉 |2〉 , |2〉 |0〉 |2〉 |0〉 ,
|2〉 |0〉 |2〉 |2〉 , |2〉 |1〉 |0〉 |2〉 , |2〉 |1〉 |1〉 |0〉 , |2〉 |1〉 |1〉 |2〉 , |2〉 |1〉 |2〉 |1〉 , |2〉 |2〉 |0〉 |1〉 ,
|2〉 |2〉 |0〉 |2〉 , |2〉 |2〉 |1〉 |0〉 , |2〉 |2〉 |1〉 |1〉 , |2〉 |2〉 |2〉 |0〉 , |2〉 |2〉 |2〉 |2〉 .
(4)
Notice that in the above basis first few states are twisted and other states are simple product states. We now
6present the following proposition for the above basis.
Proposition 2. If any two parties come together then also
the above basis shows local indistinguishability. Therefore,
the basis must be indistinguishable across all tripartitions.
The proof is given in the Appendix A. However, it is
easy to check that if three parties come together then
the basis can be perfectly distinguished by LOCC. Fur-
thermore, because of the construction if a party stands
alone then no state can be eliminated by orthogonality-
preserving LOCC [49]. Therefore, a resource state dis-
tributed among three parties is necessary to distinguish
the basis. Nevertheless, the resource related discussion
so far lead us to the following important observation:
Observation 2. Given an m-partite nonlocal set. If to dis-
tinguish the set perfectly by LOCC an m′-partite (2 ≤ m′ ≤
m) resource is necessary then the number m′ must be mini-
mized over all k-partitions, 1 < k < m.
The above observation clearly indicates a threshold
problem of distinguishability: If a set of m-partite or-
thogonal product states is given then what is the mini-
mum number of parties which have to come together in
a single location such that the set becomes perfectly dis-
tinguishable. Note that the multipartite sets which are
indistinguishable in a particular bipartition, may have
application in case of entanglement distribution. A par-
ticular such scenario regarding entanglement distribu-
tion by sending a separable qubit is presented in the
following section.
V. BOUND ENTANGLEMENT DISTRIBUTION
Here we discuss the problem of distributing bound
entanglement by sending a separable qubit. The pro-
tocol we describe here consists of minimum number of
particles. A schematic diagram is given in Fig. 2. We
start with a set of product states. To construct the set
first consider few of the states given in Eq. (2). We
consider only the states {|ψ1〉 , |ψ3〉 , |ψ5〉 , |ψ7〉 , |ψ9〉}.
Along with these states we add another state |s〉 =
|0 + 1 + 2〉 |0 + 1〉 |0 + 1〉. By Proposition 1, the new set
must be locally distinguishable across B|CA and C|AB
bipartitions (these symbols contain usual meaning as
defined in Sec. III). Next, we define a tripartite mixed
state in C3 ⊗C2 ⊗C2 and it is given as:
ρABC =
1
6
(I−
6
∑
i=1
|φi〉 〈φi|), (5)
where the states {|φi〉}6i=1 are the normalized version of
the states {|ψ1〉 , |ψ3〉 , |ψ5〉 , |ψ7〉 , |ψ9〉 , |s〉} respectively
and I is the identity operator acting on the correspond-
ing Hilbert space. Initially, this state is shared between
Alice and Bob in a way that Alice possesses the particles
A and C, and Bob possesses the particle B. Then Alice
Alice    spatial separation Bob        
A B
C quantum channel
FIG. 2. (Color online) Initially Alice possesses both the parti-
cles A and C and Bob possesses the particle B. Initially there
is no entanglement between Alice and Bob. Thereafter, Alice
communicates the particle C to Bob via a noiseless quantum
channel. Communicated entanglement is also zero. Finally,
after the communication of C, there is bound entanglement
between Alice and Bob.
sends the particle C to Bob to establish bound entan-
glement between them. We say that the initial entangle-
ment is Ein which is EAC|B, that is, the amount of entan-
glement contained in the state ρABC in AC|B bipartition.
Similarly, the amount of entanglement which is com-
municated is Ecom which is EC|AB, that is, the amount
of entanglement contained in the state ρABC in C|AB
bipartition. Finally, after the communication of the par-
ticle, the entanglement is E f in, that is, the amount of
entanglement contained by the state ρABC in A|BC bi-
partition. Here, we show that the state ρABC is sep-
arable in B|AC, C|AB bipartitions but entangled with
positive partial transpose in A|BC bipartition. These
implies that E f in > 0 while Ein = Ecom = 0. In this way,
bound entanglement can be distributed by sending a
separable qubit. Notice that by Proposition 1, the set
{|ψ1〉 , |ψ3〉 , |ψ5〉 , |ψ7〉 , |ψ9〉 , |s〉} must be extended to a
complete orthogonal product basis in B|AC, C|AB bi-
partitions. Therefore, the state ρABC must be separable
in those two bipartitions. We now proceed to prove that
the state ρABC is entangled in A|BC bipartition. For this
purpose, we first consider the state ρABC in C3⊗C4. Be-
cause of the construction, the state ρABC must remain
positive under partial transpose operation. To detect
the entanglement of the state ρABC in that bipartition,
we apply the technique described in Ref. [87, 88]. We
use the celebrated Choi map [89], Λ : M3 → M3, and a
unitary operator U for the purpose of the detection of
entanglement. Action of the Choi map (along with the
unitary operator) is described below:
(ΛU ⊗ I)ρA|BC = (Λ⊗ I)(U ⊗ I)ρA|BC(U ⊗ I)†,
Λ : ((aij))→ 12
 a11 + a22 −a12 −a13−a21 a22 + a33 −a23
−a31 −a32 a33 + a11
 , (6)
where U is a unitary operator and I is the identity op-
erator acting on the subsystems BC together. Here, we
7apply the following unitary operator:
U =
 12
√
3
2 0
−
√
3
2
1
2 0
0 0 1
 . (7)
One can easily check that the minimum eigenvalue of
the operator (ΛU ⊗ I)ρA|BC is negative which confirms
that the state ρABC is entangled in A|BC bipartition.
Thus, the protocol of distributing bound entanglement
by sending a separable qubit is successfully accom-
plished. In the next section the conclusion is drawn.
VI. CONCLUSION
We have considered here the local distinguishability
of multipartite orthogonal product states across the bi-
partitions and also across the multipartitions. A com-
plete classification of tripartite systems has been given.
Few multipartite cases have also been studied which
never occur in case of tripartite systems. This study is
important to understand how a resource state can be
shared among parties in order to distinguish a nonlocal
set perfectly. As a useful consequence of the present
study, it has been shown that the sets which are lo-
cally indistinguishable across a particular bipartition,
may have application to constitute protocols for the dis-
tribution of bound entanglement by sending separable
qubits. An explicit scenario has been shown consid-
ering minimum number of particles. However, there
are few open problems which can be considered for
further studies. For example, a generalized scenario
is required to construct, for the distribution of higher
dimensional bound entanglement starting from locally
indistinguishable product states. Furthermore, it will
also be interesting to explore if there are other applica-
tions of the multipartite mixed entangled states which
are bound entangled only in a particular bipartition.
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Appendix A
Before we present the details of the proof of Proposition 2, it is required to give the definition of a nontrivial
orthogonality-preserving measurement (NOPM). In this regard also see Refs. [22, 23].
Definition 1. Suppose a set of orthogonal quantum states is given and to distinguish these states a measurement is per-
formed. If after performing that measurement the post measurement states remain orthogonal then such a measurement is an
orthogonality-preserving measurement. Furthermore, if all the positive operator valued measure (POVM) elements describ-
ing that measurement are proportional to an identity operator then such a measurement is a trivial orthogonality-preserving
measurement. Otherwise, it is a nontrivial orthogonality-preserving measurement.
We now proceed to prove that if A1 and A2 (the notations which we use in this appendix section, contain usual
meaning as defined in Sec. IV) come together in a single location then they are not able to begin with a NOPM
in order to distinguish the basis of Eq. (4). For this purpose we consider the basis in A1 A2|A3|A4 bipartition
(C9 ⊗ C3 ⊗ C3) and relabel it in the following way: |00〉 → |0〉, |01〉 → |1〉, |02〉 → |2〉, |10〉 → |3〉, |11〉 → |4〉,
|12〉 → |5〉, |20〉 → |6〉, |21〉 → |7〉, |22〉 → |8〉. The relabeled basis is given as:
|0〉 |1〉 |0± 1〉 , |0〉 |2〉 |0± 2〉 , |7〉 |0〉 |0± 1〉 , |4〉 |2〉 |0± 1〉 , |7〉 |2〉 |0± 2〉 ,
|1〉 |0± 1〉 |0〉 , |2〉 |0± 2〉 |0〉 , |3〉 |0± 1〉 |2〉 , |5〉 |0± 1〉 |1〉 , |5〉 |0± 2〉 |2〉 ,
|3± 4〉 |0〉 |0〉 , |6± 8〉 |0〉 |0〉 , |0± 1〉 |2〉 |1〉 , |6± 7〉 |1〉 |1〉 , |6± 8〉 |2〉 |1〉 ,
|0± 3〉 |0〉 |1〉 , |0± 6〉 |0〉 |2〉 , |2± 5〉 |1〉 |0〉 , |1± 4〉 |1〉 |2〉 , |2± 8〉 |1〉 |2〉 ,
|0〉 |0〉 |0〉 , |0〉 |1〉 |2〉 , |1〉 |0〉 |1〉 , |1〉 |0〉 |2〉 , |1〉 |1〉 |1〉 , |1〉 |2〉 |0〉 ,
|1〉 |2〉 |2〉 , |2〉 |0〉 |1〉 , |2〉 |0〉 |2〉 , |2〉 |1〉 |1〉 , |2〉 |2〉 |1〉 , |2〉 |2〉 |2〉 ,
|3〉 |1〉 |0〉 , |3〉 |1〉 |1〉 , |3〉 |2〉 |0〉 , |3〉 |2〉 |1〉 , |3〉 |2〉 |2〉 , |4〉 |0〉 |1〉 ,
|4〉 |0〉 |2〉 , |4〉 |1〉 |0〉 , |4〉 |1〉 |1〉 , |4〉 |2〉 |2〉 , |5〉 |0〉 |0〉 , |5〉 |1〉 |2〉 ,
|5〉 |2〉 |0〉 , |5〉 |2〉 |1〉 , |6〉 |0〉 |1〉 , |6〉 |1〉 |0〉 , |6〉 |1〉 |2〉 , |6〉 |2〉 |0〉 ,
|6〉 |2〉 |2〉 , |7〉 |0〉 |2〉 , |7〉 |1〉 |0〉 , |7〉 |1〉 |2〉 , |7〉 |2〉 |1〉 , |8〉 |0〉 |1〉 ,
|8〉 |0〉 |2〉 , |8〉 |1〉 |0〉 , |8〉 |1〉 |1〉 , |8〉 |2〉 |0〉 , |8〉 |2〉 |2〉 .
(A1)
An orthogonality-preserving measurement performed by A1 and A2 together can be described by a set of positive
operator valued measure (POVM) elements {Πi}, where ∑i Πi = I. The matrix form of any such POVM element
can be written in a basis {|0〉 , |1〉 , |2〉 , |3〉 , |4〉 , |5〉 , |6〉 , |7〉 , |8〉}. Notice that the dimension of the joint system of
A1 and A2 is nine and thus, it is obvious that the POVM elements which describe a measurement performed by A1
8and A2 together, must be 9× 9 matrices. The matrix form of any Πi = M†i Mi is given as the following:
a00 a01 a02 a03 a04 a05 a06 a07 a08
a10 a11 a12 a13 a14 a15 a16 a17 a18
a20 a21 a22 a23 a24 a25 a26 a27 a28
a30 a31 a32 a33 a34 a35 a36 a37 a38
a40 a41 a42 a43 a44 a45 a46 a47 a48
a50 a51 a52 a53 a54 a55 a56 a57 a58
a60 a61 a62 a63 a64 a65 a66 a67 a68
a70 a71 a72 a73 a74 a75 a76 a77 a78
a80 a81 a82 a83 a84 a85 a86 a87 a88

(A2)
Keeping post measurement states orthogonal if A1 and A2 together want to perform a nontrivial measurement then
not all the POVM elements Πi should be proportional to an identity operator. Now, we examine the off-diagonal
entries of the above matrix. Because the post measurement states are orthogonal to each other so, 〈0|〈1|〈0 + 1|Πi ⊗
I⊗ I||1〉|0 + 1〉|0〉 = 〈0|Πi|1〉〈1|0 + 1〉〈0 + 1|0〉 = 0. So, a01 = a10 = 0. Repeating the same method, it is possible to
show that all off-diagonal entries of the above matrix are zero (given in the following table):
TABLE I. Off-diagonal entries
Sl. no. states entries Sl. no. states entries
(1) |0〉|1〉|0 + 1〉, |1〉|0 + 1〉|0〉 a01 = a10 = 0 (2) |0〉|1〉|0 + 1〉, |2〉|1〉|1〉 a02 = a20 = 0
(3) |0〉|1〉|0 + 1〉, |3〉|1〉|0〉 a03 = a30 = 0 (4) |0〉|1〉|0 + 1〉, |4〉|1〉|0〉 a04 = a40 = 0
(5) |0〉|1〉|0 + 1〉, |5〉|0 + 1〉|1〉 a05 = a50 = 0 (6) |0〉|1〉|0 + 1〉, |6〉|1〉|0〉 a06 = a60 = 0
(7) |0〉|1〉|0 + 1〉, |7〉|1〉|0〉 a07 = a70 = 0 (8) |0〉|1〉|0 + 1〉, |8〉|1〉|0〉 a08 = a80 = 0
(9) |1〉|0 + 1〉|0〉, |2〉|0 + 2〉|0〉 a12 = a21 = 0 (10) |1〉|0 + 1〉|0〉, |3〉|1〉|0〉 a13 = a31 = 0
(11) |1〉|0 + 1〉|0〉, |4〉|1〉|0〉 a14 = a41 = 0 (12) |1〉|0 + 1〉|0〉, |5〉|0〉|0〉 a15 = a51 = 0
(13) |1〉|0 + 1〉|0〉, |6〉|1〉|0〉 a16 = a61 = 0 (14) |1〉|0 + 1〉|0〉, |7〉|1〉|0〉 a17 = a71 = 0
(15) |1〉|0 + 1〉|0〉, |8〉|1〉|0〉 a18 = a81 = 0 (16) |2〉|0 + 2〉|0〉, |3〉|2〉|0〉 a23 = a32 = 0
(17) |2〉|0 + 2〉|0〉, |4〉|2〉|0 + 1〉 a24 = a42 = 0 (18) |2〉|0 + 2〉|0〉, |5〉|2〉|0〉 a25 = a52 = 0
(19) |2〉|0 + 2〉|0〉, |6〉|2〉|0〉 a26 = a62 = 0 (20) |2〉|0 + 2〉|0〉, |7〉|2〉|0 + 2〉 a27 = a72 = 0
(21) |2〉|0 + 2〉|0〉, |8〉|2〉|0〉 a28 = a82 = 0 (22) |3〉|0 + 1〉|2〉, |4〉|0〉|2〉 a34 = a43 = 0
(23) |3〉|0 + 1〉|2〉, |5〉|1〉|2〉 a35 = a53 = 0 (24) |3〉|0 + 1〉|2〉, |6〉|1〉|2〉 a36 = a63 = 0
(25) |3〉|0 + 1〉|2〉, |7〉|1〉|2〉 a37 = a73 = 0 (26) |3〉|0 + 1〉|2〉, |8〉|0〉|2〉 a38 = a83 = 0
(27) |4〉|2〉|0 + 1〉, |5〉|2〉|1〉 a45 = a54 = 0 (28) |4〉|2〉|0 + 1〉, |6〉|2〉|0〉 a46 = a64 = 0
(29) |4〉|2〉|0 + 1〉, |7〉|2〉|1〉 a47 = a74 = 0 (30) |4〉|2〉|0 + 1〉, |8〉|2〉|0〉 a48 = a84 = 0
(31) |5〉|0 + 1〉|1〉, |6〉|0〉|1〉 a56 = a65 = 0 (32) |5〉|0 + 1〉|1〉, |7〉|0〉|0 + 1〉 a57 = a75 = 0
(33) |5〉|0 + 1〉|1〉, |8〉|0〉|1〉 a58 = a85 = 0 (34) |6〉|1〉|0〉, |7〉|1〉|0〉 a67 = a76 = 0
(35) |6〉|1〉|0〉, |8〉|1〉|0〉 a68 = a86 = 0 (36) |7〉|1〉|0〉, |8〉|1〉|0〉 a78 = a87 = 0
Next, we examine the diagonal entries. Considering the inner product 〈0 + 1|〈2|〈1|Πi ⊗ I⊗ I|0− 1〉|2〉|1〉 = 0,
we get a00 = a11. Repeating the same approach we get that all diagonal entries of the above matrix are equal (given
in the following table):
TABLE II. Diagonal entries
states entries states entries
|3± 4〉 |0〉 |0〉 a33 = a44 |6± 8〉 |2〉 |1〉 a66 = a88
|0± 1〉 |2〉 |1〉 a00 = a11 |6± 7〉 |1〉 |1〉 a66 = a77
|0± 3〉 |0〉 |1〉 a00 = a33 |0± 6〉 |0〉 |2〉 a00 = a66
|2± 5〉 |1〉 |0〉 a22 = a55 |2± 8〉 |1〉 |2〉 a22 = a88
Thus, it is proved that the POVM elements {Πi} are proportional to an identity operator. As a result of which
A1 and A2 together cannot begin with a NOPM. This implies if A1 and A2 come together in a single location then
it does not contribute to the local distinguishability of the considered basis (see Refs. [22, 23]). Now, this holds
9true for all pair of adjacent parties as the basis captures a particular type of symmetry. For non adjacent pairs of
parties like A1 A3 and A2 A4, they cannot help for perfect discrimination by coming together and it is because of
the first 16 states of the basis (see Eq. (4): first two columns in first row). For the proof see Sec. IV. Thus, if any
two parties come together then also the basis shows local indistinguishability which implies that the basis is locally
indistinguishable across all tripartitions. Here the proof is completed.
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